A smooth projective variety X over a field is said to satisfy Bott vanishing if H j (X, Ω i X ⊗ L) = 0 for all ample line bundles L, all i ≥ 0, and all j > 0. Bott proved this when X is projective space. Danilov and Steenbrink extended Bott vanishing to all smooth projective toric varieties; proofs can be found in [2, 4, 23, 11] . What does Bott vanishing mean? It does not have a clear geometric interpretation in terms of the classification of algebraic varieties. But it is useful when it holds, as a sort of preprocessing step, since the vanishing of higher cohomology lets us compute the spaces of sections of various important vector bundles. Bott vanishing includes Kodaira vanishing as a special case (where i equals n := dim X), but it says much more.
Notation
We take a variety over a field k to mean an integral separated scheme of finite type over k. A curve means a variety of dimension 1. So, in particular, a curve is irreducible. A property is said to hold for general (resp. very general) complex points of a variety Y if it holds outside a finite (resp. countable) union of closed subvarieties not equal to Y .
On a smooth variety, we often identify line bundles with divisors modulo linear equivalence. For example, the tensor product A ⊗ B of two line bundles may also be written as A + B. A line bundle is primitive if it cannot be written as a positive integer at least 2 times some line bundle.
2 Bott vanishing for the quintic del Pezzo surface Theorem 2.1. Let X be a del Pezzo surface of degree 5 over a field k. Then X satisfies Bott vanishing, but is not toric.
Proof. It suffices to prove the theorem after extending k, and so we can assume that k is algebraically closed. In this case, there is a unique del Pezzo surface X (a smooth projective surface with ample anticanonical bundle K * X ) of degree 5 over k, up to isomorphism. It can be described as the blow-up of P 2 at any set of 4 points with no three on a line [18, Remark 24.4.1] . Here X has finite automorphism group, Figure 1 : Dual graph of the 10 (−1)-curves on the quintic del Pezzo surface because any automorphism of X in the identity component of Aut(X) would pass to an automorphism of P 2 (that is, an element of P GL (3, k) ) that fixes the 4 chosen points, and such an automorphism must be the identity. In particular, X is not a toric variety. (In fact, the automorphism group of X is the symmetric group S 5 , but we will not use that.)
The Picard group of X is isomorphic to Z 5 , and so Bott vanishing must be checked for a fairly large (infinite) class of ample line bundles. We argue as follows. Recall the Kodaira-Akizuki-Nakano vanishing theorem [17, Theorem 4.2.3] , [9] : Theorem 2.2. (1) Every smooth projective variety over a field of characteristic zero satisfies Kodaira-Akizuki-Nakano vanishing:
for all ample line bundles L and all i + j > dim(X).
(2) Let X be a smooth projective variety over a perfect field of characteristic p > 0. If X lifts to W 2 (k) and X has dimension ≤ p, then X satisfies KAN vanishing (as in (1)).
It follows that the quintic del Pezzo surface X satisfies KAN vanishing: the hypotheses of (2) hold if k has characteristic p. Thus we know that H j (X, Ω 2 ⊗L) = 0 for all ample line bundles L and all j > 0. Since K * X = (Ω 2 X ) * is ample, it follows that H j (X, L) = 0 for ample L and j > 0. Also by KAN vanishing, we have H 2 (X, Ω 1 ⊗ L) = 0 for ample L. To prove Bott vanishing, it remains to show that H 1 (X, Ω 1 ⊗ L) = 0 for ample L.
For any del Pezzo surface X of degree at most 7, the cone of curves is spanned by the finitely many lines in X (or equivalently, (−1)-curves, meaning curves C in X isomorphic to P 1 with C 2 = −1; then (−K X ) · C = 1) [8, section 6.5]. Therefore, a line bundle L on X is nef if and only if it has nonnegative degree on all (−1)-curves in X, and it is ample if and only if it has positive degree on all (−1)-curves in X.
We return to the del Pezzo surface X of degree 5 (in which case there are 10 (−1)-curves, shown in Figure 1 ). Let L be any ample line bundle on X, and let a be the minimum degree of L on the (−1)-curves, which is a positive integer. Since −K X has degree 1 on each (−1)-curve, L can be written (using additive notation for line bundles) as L = a(−K X ) + M for some nef line bundle M on X which has degree zero on some (−1)-curve.
Choose a (−1)-curve E on which M has degree zero, and let Y be the smooth projective surface obtained by contracting E (by Castelnuovo's contraction theorem). Then Y is a del Pezzo surface of degree 6, and such a surface is toric. Since M has degree 0 on E, the isomorphism Pic(X) = Pic(Y ) ⊕ Z for a blow-up implies that M is pulled back from a line bundle on Y , which we also call M . Clearly M is nef on Y . By Bott vanishing on Y , we have
as on any surface), and so
For any blow-up π : X → Y of a point y on a smooth surface Y , we have
(That is, vector fields on X are equivalent to vector fields on Y that vanish at y.) We have an exact sequence of coherent sheaves on Y ,
Tensoring with the vector bundle T Y ⊗ M gives another exact sequence,
Combining this with the isomorphism above gives a long exact sequence of cohomology:
Here H 1 (Y, T Y ⊗ M ) = 0 by Bott vanishing as above. Therefore, to show that H 1 (X, T X ⊗ π * (M )) = 0, it suffices to show that the rank-2 vector bundle T Y ⊗ M is spanned at the point y by its global sections. This follows if we can show that T Y and M are spanned at y by their global sections. For T Y , this is clear by the vector fields coming from the action of the torus T = (G m ) 2 on Y , since y must be in the open T -orbit. (The blow-up of Y at a point not in the open T -orbit would contain a (−2)-curve and hence could not be a del Pezzo surface.) Also, every nef line bundle M on a toric variety Y is basepoint-free [12, section 3.4]. Thus we have shown that H 1 (X, T X ⊗ π * (M )) = 0.
To prove Bott vanishing for X, as discussed above, we have to show that H 1 (X, Ω 1 ⊗ (K * X ) ⊗a ⊗ π * (M )) = 0 for all positive integers a. Equivalently, we want H 1 (X, T X ⊗ (K * X ) ⊗a−1 ⊗ π * (M )) = 0 for all positive integers a. We have proved this for a = 1. By induction, suppose we know this statement for a, and then we will show that H 1 (X, T X ⊗ (K * X ) ⊗a ⊗ π * (M )) = 0. On X (as on any del Pezzo surface of degree at least 3), the line bundle K * X is very ample, and so it has a section whose zero locus is a smooth curve C. By the adjunction formula, K C is trivial; that is, C has genus 1. We have an exact sequence
Tensoring with the vector bundle T X ⊗ (K * X ) ⊗a ⊗ π * (M ) gives another exact sequence of sheaves, and hence a long exact sequence of cohomology:
By induction, the first group shown is zero. Also, the restriction of T X to C is an extension
where N C/X ∼ = (K * X )| C by definition of C. Since C has genus 1, this says that the restriction of T X to C is an extension of two line bundles of nonnegative degree. Since K * X is ample on X, π * (M ) is nef, and a is positive, it follows that T X ⊗ (K * X ) ⊗a ⊗ π * (M ) restricted to C is an extension of two line bundles of positive degree. Since C has genus 1, H 1 of every line bundle of positive degree on C is zero. We conclude that the group on the right of the exact sequence above is zero (like the group on the left). Therefore,
which completes the induction. We have shown that X satisfies Bott vanishing.
There are also higher-dimensional Fano varieties which satisfy Bott vanishing but are not toric, in view of: Lemma 2.3. Let X and Y be smooth projective varieties over an algebraically closed field. Suppose that H 1 (X, O) = 0. If X and Y satisfy Bott vanishing, then so does X × Y .
Proof. Since H 1 (X, O) = 0, we have Pic(X × Y ) = Pic(X) ⊕ Pic(Y ) [13, exercise III.12.6] . That is, every line bundle on X × Y has the form π * 1 L ⊗ π * 2 M for some line bundles L on X and M on Y , where π 1 and π 2 are the two projections of X × Y .
By the Künneth formula [28, Tag 0BEC],
Therefore, π * 1 L ⊗ π * 2 M is very ample on X × Y if and only if L and M are very ample. It follows that π * 1 L ⊗ π * 2 M is ample on X × Y if and only if L and M are ample.
Assume that X and Y satisfy Bott vanishing. We need to show that
for all j > 0, i ≥ 0, and L and M ample line bundles.
Here
. So the desired vanishing follows from Bott vanishing on X and Y using the Künneth formula.
Remark 2.4. The Kawamata-Viehweg vanishing theorem extends Kodaira vanishing to nef and big line bundles, but it seems unreasonable to ask when Bott vanishing holds for nef and big line bundles. Indeed, even KAN vanishing fails for some nef and big line bundle on the blow-up of P 3 at a point [17, Example 4.3.4 ].
Bott vanishing for Ksurfaces
We now show that Bott vanishing fails for K3 surfaces of degree less than 20 or equal to 22, while it holds for very general complex K3 surfaces of degree 20 or at least 24. The proof builds on work of Beauville, Mori, and Mukai, which I learned from John Ottem. With a lot more work, we later prove the more precise statement that Bott vanishing holds for all K3 surfaces of degree 20 or at least 24 with Picard number 1 (Theorem 7.1).
We define a K3 surface to be a smooth projective surface X with trivial canonical bundle and H 1 (X, O) = 0. A polarized K3 surface of degree 2a is a K3 surface X together with a primitive ample line bundle B such that B 2 = 2a. The degree of a polarized K3 surface must be even, because the intersection form on H 2 (X, Z) is even. Sometimes we call (X, B) simply a K3 surface of degree 2a.
Theorem 3.1. Let X be a K3 surface with an ample line bundle A of degree A 2 less than 20. Then Bott vanishing fails for X.
Proof. It suffices to show that
Writing z for the class of a point in H 4 (X), Riemann-Roch gives:
Using Mori and Mukai's work on moduli spaces of K3 surfaces, Beauville proved the following strong result on Bott vanishing [3, section 5.2]: Theorem 3.2. Let (X, B) be a general polarized complex K3 surface of degree 20 or at least 24. Then H 1 (X, Ω 1 X ⊗ B) = 0. On the other hand, for every polarized K3 surface (X, B) of degree 22, H 1 (X, Ω 1 X ⊗ B) = 0. Here "general" makes sense because there is an irreducible (19-dimensional) moduli space of polarized complex K3 surfaces of degree 2a, for each positive integer a [15, Corollary 6.4.4]. Note that B is a primitive ample line bundle in Theorem 3.2.
Beauville's proof of Theorem 3.2 goes as follows. Let P g be the moduli stack of pairs (X, C) with X a K3 surface and C a smooth curve of genus g in X such that O(C) is a primitive ample line bundle on X. (Then O(C) has degree 2g − 2.) Let M g be the moduli stack of curves of genus g. There is a morphism of stacks
taking (X, C) to the curve C. Then H 1 (X, Ω 1 X ⊗ O(C)) * can be identified with the kernel of the derivative of f g at (X, C). Therefore, Theorem 3.2 reduces to Mukai's theorem (completing his work with Mori) that f g is generically finite if and only if g = 11 or g ≥ 13 (corresponding to polarized K3 surfaces of degree 20 or at least 24) [21, Theorem 1], [22, Theorem 7] . From this point of view, describing the locus where H 1 (X, Ω 1 X ⊗ B) is not zero amounts to determining the ramification locus of the morphism f g .
Feyzbakhsh recently strengthened Mukai's result by showing that when g = 11 or g ≥ 13, the morphism f g is injective at all pairs (X, C) with X of Picard number 1 [10] . We show in Theorem 7.1 that when g = 11 or g ≥ 13, the derivative of f g is also injective at all pairs (X, C) with X of Picard number 1.
The failure of Bott vanishing for K3 surfaces (X, B) of degree 22 follows from the existence of a smooth Fano 3-fold W with Picard group generated by −K W and genus 12 [22, Proposition 6] . (The genus g is defined by
The possible genera of smooth Fano 3-folds with Picard group generated by −K W are 2 ≤ g ≤ 10 and g = 12.) Indeed, a standard argument in deformation theory shows that a general hyperplane section of a general deformation W ′ of W gives a general K3 surface X of degree 22. But then a hyperplane section C ⊂ X is the intersection of W ′ with a codimension-2 linear space. So there is a whole P 1 of K3 surfaces (generically not isomorphic) which all have the same curve C as a hyperplane section. That is, f 11 : P 11 → M 11 is not generically finite, and hence Bott vanishing fails for all K3 surfaces (X, B) of degree 22.
We now deduce the full statement of Bott vanishing for very general K3 surfaces:
Theorem 3.3. Let X be a very general complex projective K3 surface of degree 20 or at least 24. Then X satisfies Bott vanishing.
Note that Theorem 3.3 cannot be strengthened from "very general" to "general." Indeed, in the moduli space of K3 surfaces of given degree 2a ≥ 20, there is a countably infinite set of divisors corresponding to K3 surfaces that also have an ample line bundle of degree < 20, and Bott vanishing fails for those K3 surfaces by Theorem 3.1.
On the other hand, it is arguably more natural to ask when Bott vanishing holds for positive multiples of the given line bundle B, rather than for all ample line bundles. By Lemma 3.5, it is equivalent to determine the locus of polarized K3 surfaces (X, B) such that H 1 (X, Ω 1 X ⊗ B) is not zero. Corollary 5.1 shows that in high degrees, this locus is contained in the locus of K3 surfaces that contain "low-degree" elliptic curves on X. This is analogous to Saint-Donat's theorem on very ampleness, Theorem 3.4. Kodaira vanishing (Theorem 2.2) gives that H i (X, Ω 2 X ⊗ L) = 0 for L ample and i > 0. Since K X = Ω 2 X is trivial, it follows that H i (X, L) = 0 for L ample and i > 0. Next, KAN vanishing (Theorem 2.2) gives that H 2 (X, Ω 1 X ⊗ L) = 0 for L ample.
It remains to show that H 1 (X, Ω 1 X ⊗ L) = 0 for every ample line bundle L on X. By Theorem 3.2, since B 2 is 20 or at least 24, we know (for (X, B) general) that H 1 (X, Ω 1 X ⊗ B) = 0, where B is the ample generator. We will go from there to the result for all positive multiples of B (thus for all ample line bundles on X).
We recall Saint-Donat's sharp results about linear systems on K3 surfaces [26] , [20, Theorem 5]: Theorem 3.4. Let X be a K3 surface over a field of characteristic not 2. Let B be a nef line bundle on X. Then:
(1) B is not basepoint-free if and only if there are curves E, C, and an integer m ≥ 2 such that B ∼ mE + C, E 2 = 0, C 2 = −2, and E · C = 1.
(
The following lemma completes the proof of Theorem 3.3. 
Proof. First, if Pic(X) = Z·B and B is ample, then B is basepoint-free by Theorem 3.4. Let X be a K3 surface with a basepoint-free ample line bundle B. By Bertini's theorem, there is a smooth curve D in the linear system |B|. This gives a short exact sequence of sheaves 0 → O X → B → B| D → 0. Tensoring with Ω 1 X and taking cohomology gives an exact sequence
We are given that
This gives a short exact sequence of sheaves 0 → O D → B| D → B| S → 0, and hence a surjection
for any j ∈ Z (using that S has dimension 0). It follows that H 1 (D, Ω 1 X ⊗ B ⊗j ) = 0 for all j ≥ 1. We can then apply the analogous exact sequence on X,
to conclude by induction that H 1 (X, Ω 1 X ⊗ B ⊗j ) = 0 for all j ≥ 1.
4 Failure of Bott vanishing on a K3 surface in terms of elliptic curves of low degree This is almost an "if and only if" statement. In particular, if B 2 < 20 or if X is an anticanonical divisor, then H 1 (X, Ω 1 X ⊗ B) is indeed not zero. When there is an elliptic curve of low degree, section 6 gives a partial analysis of when H 1 (X, Ω 1 X ⊗B) is zero.
The classification of Fano 3-folds with canonical Gorenstein singularities remains open. As a result, Theorem 4.1 is not as explicit an answer as one might like. Nonetheless, it is a strong statement, from which we draw more specific consequences in the rest of the paper. For our purpose, we only want the classification of Fano 3-folds with isolated canonical Gorenstein singularities, which may be within reach. Note that any curve E in a K3 surface with E 2 = 0 is a fiber of an elliptic fibration, for example by Theorem 3.4.
Proof. If B 2 < 20, then H 1 (X, Ω 1 X ⊗ B) = 0 by Riemann-Roch (Theorem 3.1). If X is a smooth anticanonical divisor in some Fano 3-fold Y with at most isolated canonical Gorenstein singularities such that B = −K Y | X , then H 1 (X, Ω 1 X ⊗ B) = 0 by Mukai's argument from section 3. Conversely, assume that B 2 ≥ 20. We want to show that if H 1 (X, Ω 1 X ⊗ B) = 0, then is an anticanonical divisors. By Theorem 3.4, B is very ample, giving an embedding X ⊂ P g where B 2 = 2g − 2. Choose a smooth hyperplane section C in X (so C has genus g, and the embedding C → P g−1 is the canonical embedding).
I claim that C is not hyperelliptic, trigonal, or tetragonal. (That is, there is no g 1 r on C with 2 ≤ r ≤ 4, where a g 1 r can be defined as a line bundle D on C such that h 0 (C, D) = 2, deg(D) = r, and D is basepoint-free.) By Reid, if there is a smooth curve C of genus g on a K3 surface X, if D is a separable g 1 r on C, and if g > 1 4 r 2 + r + 2, then there is a curve E on X with E 2 = 0 and E| C = D [25] . Here "separable" is no restriction since we are in characteristic zero. Since g ≥ 11 and there is no curve E on X with E 2 = 0 and 1 ≤ E · C ≤ 4, it follows that C is not hyperelliptic, trigonal, or tetragonal. I claim that the curve C ⊂ X above has Clifford index at least 3. We use the following results of Martens [19] . If a curve has Clifford index 0, then it is hyperelliptic. If a curve has Clifford index 1, then it is trigonal or a plane quintic (hence of genus 6). If a curve has Clifford index 2, then it is tetragonal or a plane sextic (hence of genus 10). Since g ≥ 11, it follows that C has Clifford index at least 3.
For a smooth projective curve C, the Wahl map
is defined by s∧t → s dt−t ds. Wahl showed that the Wahl map of a curve contained in some K3 surface is not surjective; that is, corank(Φ C ) ≥ 1 [29] . When g ≥ 11 and
Cliff(C) ≥ 3 (as here), Ciliberto-Dedieu-Sernesi proved the more precise statement:
Let r = h 1 (X, Ω 1 ⊗B). By Ciliberto-Dedieu-Sernesi, again using that g ≥ 11 and Cliff(C) ≥ 3, there is an arithmetically Gorenstein normal variety Z of dimension r + 2 in P g+r , not a cone, containing the curve C ⊂ P g−1 as the section by a linear space of dimension g − 1. Moreover, Z contains X ⊂ P g as the section by a linear space of dimension g [5, section 2.2].
Thus, if H 1 (X, Ω 1 ⊗ B) = 0, then Z has dimension at least 3. Let Y be the intersection of Z with a general linear space of dimension g + 1 that contains X; then Y ⊂ P g+1 is an arithmetically Gorenstein 3-fold with −K Y = O(1). Because Y has a smooth hyperplane section X and Z is not a cone, Y has at most isolated canonical singularities [5, Corollary 5.6]. Theorem 4.1 is proved. 
K3 surfaces of high degree
As mentioned earlier, any such curve E is a fiber of an elliptic fibration of X.
Proof. Suppose that there is no curve E on X such that E 2 = 0 and 1 ≤ B · E ≤ 4, and that H 1 (X, Ω 1 X ⊗ B) is not zero. By Theorem 4.1, X is a smooth anticanonical divisor in some Fano 3-fold Y with at most isolated canonical Gorenstein singularities such that B = −K Y | X .
Prokhorov showed that a Proof: By the assumption of generality, Pic(X) = Z · A. So there is no curve E in X with E 2 = 0.
By considering the graded ring associated to A, X embeds as a hypersurface of degree 6 in the weighted projective space Y = P (3, 1, 1, 1). Here Y is a Proof: Let Y be the Fano 3-fold P (O ⊕ O(2)) → P 2 , which has (−K Y ) 3 = 62 and −K Y primitive. Let X be a smooth divisor in the linear system of −K Y . Then X is a K3 surface with a primitive ample line bundle B = −K Y | X of degree 62, and H 1 (X, Ω 1 ⊗ B) = 0 by Mukai's argument again. For X very general, the restriction homomorphism Pic(Y ) = Z{A, B} → Pic(X) is an isomorphism. Given that, it is straightforward to compute the intersection form on X (it has A 2 = 2, AB = 5, and B 2 = 10). This quadratic form does not represent zero nontrivially, and so X contains no curve E with E 2 = 0. Thus Corollary 5.1 fails for (X, B), as promised.
Elliptic K3 surfaces
We now analyze which K3 surfaces (X, B) have H 1 (X, Ω 1 X ⊗ B) equal to zero when there is a curve E on X with E 2 = 0 and 1 ≤ B · E ≤ 4; these are the cases left out of Corollary 5. Most of the proof of the following lemma was suggested by Ben Bakker. Lemma 6.1. Let B be an ample line bundle on a complex K3 surface X. Suppose that there is a curve E on X with E 2 = 0 and B · E = 1. Let π : X → P 1 be the elliptic fibration associated to E. Then H 1 (X, Ω 1 X ⊗ B) = 0 if and only if B 2 ≤ 38 or some fiber of π is isomorphic to the cuspidal cubic (a singular fiber of type II, in Kodaira's classification).
In particular, there are polarized K3 surfaces (X, B) with B 2 arbitrarily large such that there is a curve E on X with E 2 = 0 and B ·E = 1 while H 1 (X, Ω 1 ⊗B) = 0. To construct such examples, let π : X → P 1 be an elliptic K3 surface with a section B 0 such that there are 22 fibers of type I 1 (a nodal cubic) and one fiber of type II (a cuspidal cubic). (A reference for Kodaira's classification of singular fibers is [7, Corollary 5.2.3].) Such a surface is easy to construct, using a Weierstrass equation. Let E be a fiber of π; then B 2 0 = −2, E 2 = 0, and B 0 · E = 1. For any integer m ≥ 2, it is straightforward to check that B := B 0 + mE is ample, and we have B 2 = 2m − 2 and B · E = 1. Since B · E = 1, B is primitive. By Lemma 6.1,
is not zero, no matter how big B 2 is. Lemma 6.1 shows that the locus of polarized K3 surfaces (X, B) with H 1 (X, Ω 1 X ⊗ B) = 0 is not exactly a Noether-Lefschetz locus. (That is, this condition cannot always be read from the Picard lattice of X.) Indeed, the condition that an elliptic fibration π : X → P 1 has a cuspidal fiber is not determined by the Picard lattice of X. A general elliptic K3 surface as in the previous paragraph has Picard lattice Z · {B 0 , E} with B 2 0 = −2, E 2 = 0, and B 0 · E = 1, whether there is a cuspidal fiber or not.
Proof. (Lemma 6.1) By the Riemann-Roch calculation in Theorem 3.1, we know that H 1 (X, Ω 1 X ⊗ B) = 0 if B 2 < 20. So we can assume from now on that B 2 ≥ 20. Every fiber of π : X → P 1 is an effective divisor linearly equivalent to E. Since B is ample and B · E = 1, every fiber of π is irreducible and has multiplicity 1. By Kodaira's classification, every singular fiber of π is of type I 1 (a nodal cubic) or II (a cuspidal cubic).
By Riemann-Roch, B can be represented by an effective divisor. Since B ·E = 1, this divisor must be the sum of a section B 0 of π with some curves supported in fibers. Then B 0 ∼ = P 1 , and so B 2 0 = −2. Because all fibers of π are irreducible, it follows that B is linearly equivalent to B 0 + mE, where B 2 = 2m − 2.
We have the following exact sequence of coherent sheaves on X:
The sheaf Ω 1 X/P 1 of relative Kähler differentials is torsion-free but not reflexive, by a direct computation at singular fibers of π. It is related to the relative dualizing sheaf ω X/P 1 (a line bundle) by another exact sequence:
where S is the non-smooth locus of π. Here S is a closed subscheme of degree 24 in X, supported at the singular points of fibers of π. (One can compute directly that S has degree 2 at cusps and degree 1 at nodes.) Since the line bundle Ω 1 P 1 is isomorphic to O(−2), π * Ω 1 P 1 is isomorphic to O(−2E). Tensoring the first exact sequence with B and taking cohomology gives an exact sequence of complex vector spaces:
We arranged that B 2 ≥ 20, and so m ≥ 11. (For what follows, m ≥ 4 would be enough.) Therefore, B − 2E = B 0 + (m − 2)E is nef and big. So H 1 (X, B − 2E) = H 2 (X, B − 2E) = 0 by Kawamata-Viehweg vanishing. We deduce that H 1 (X, Ω 1 X ⊗ B) maps isomorphically to H 1 (X, Ω 1 X/P 1 ). Outside the 0-dimensional subscheme S of X, the first exact sequence above is an exact sequence of vector bundles. Taking determinants shows that Ω 1 X/P 1 is isomorphic to O(2E) outside S, using that K X is trivial. Because ω X/P 1 is a line bundle on all of X, it follows that ω X/P 1 ∼ = O(2E). So the second exact sequence (tensored with B) gives a long exact sequence of cohomology: O(B + 2E) ).
Here B + 2E is nef and big, and so the last cohomology group is zero. We conclude that H 1 (X, Ω 1 X ⊗ B) = 0 if and only if the subscheme S imposes linearly independent conditions on sections of the line bundle B + 2E. Thus for elliptic K3s, Bott vanishing reduces to a question about sections of a line bundle, which is much easier to analyze.
In the case at hand, we can describe all sections of B + 2E = B 0 + (m + 2)E explicitly. We have h 0 (L) = (L 2 + 4)/2 for L nef and big on a K3 surface X, and so h 0 (B + 2E) = m + 3. But we get an (m + 3)-dimensional space of sections of O(B + 2E) = O(B 0 ) ⊗ π * O(m + 2) by pulling back sections of O(m + 2) on P 1 , and so those are all the sections. In other words, the linear system of B + 2E is exactly the set of divisors B 0 + E 1 + · · · + E m+2 for some fibers E 1 , . . . , E m+2 of π.
If π has a fiber E 0 with a cusp p, then the subscheme S has degree 2 at p (and is contained in E 0 ); so S does not impose linearly independent conditions on sections of B + 2E in this case. Otherwise, all singular fibers of π have a single node, and so S consists of 24 points in distinct fibers of π. It follows that S imposes linearly independent conditions on sections of B + 2E if and only if m + 2 ≥ 23, that is, B) with B 2 arbitrarily large such that there is a curve E on X with E 2 = 0 and B · E = 2, while H 1 (X, Ω 1 X ⊗ B) = 0. Let X be the double cover of Y = P 1 × P 1 ramified along a smooth curve D in the linear system of −2K Y = O (4, 4) . Then X is a K3 surface, with two elliptic fibrations defined by the two compositions X → Y → P 1 . Write π : X → P 1 for the first fibration, E for a fiber of π, and C 0 for a fiber of the second fibration; then C 0 · E = 2. Let S be the non-smooth locus of π, a closed subscheme of degree 24 in X. By choosing D to have intersection with one curve p × P 1 equal to a single point with multiplicity 4, we can arrange that the corresponding fiber of π is of type III (two P 1 s tangent at one point).
For any m ≥ 1, let B = C 0 + mE. Then B is ample (the pullback of the ample line bundle O(m, 1) on Y ), and B 2 = 4m. By the proof of Lemma 6.1,
is zero if and only if S imposes linearly independent conditions on sections of B + 2E = C 0 + (m + 2)E. Let S 0 be the connected component of S at the singular point of the fiber E 0 of type III. We compute that S 0 has degree 3, and that S 0 is contained in E 0 . But the line bundle B + 2E has degree 1 on each irreducible component of E 0 , and from there we compute that h 0 (E 0 , B + 2E) is only 2. So the restriction map H 0 (X, B + 2E) → H 0 (S 0 , B + 2E) = C 3 is not surjective. Since S has dimension 0, it follows that H 0 (X, B + 2E) → H 0 (S, B + 2E) is not surjective. That is, H 1 (X, Ω 1 X ⊗ B) = 0, while B 2 = 4m can be arbitrarily large. (One can give a similar example with B 2 ≡ 2 (mod 4) by taking X to be a double cover of P (O ⊕ O(1)), rather than of P 1 × P 1 .) Example 6.3. There are polarized K3 surfaces (X, B) with B 2 arbitrarily large such that there is a curve E on X with E 2 = 0 and B · E = 3, while H 1 (X, Ω 1 X ⊗ B) = 0. To see this, let X be a smooth anticanonical divisor in P 1 × P 2 such that one fiber E 0 of the elliptic fibration π : X → P 1 consists of three lines through a point (thus, a fiber of type IV). Let E be any fiber of π, C 0 the pullback to X of a line in P 2 , and let B = C 0 + mE for arbitrarily large m. Then the same argument as in the previous example works: the non-smooth locus S in X has degree 4 at the singular point of E 0 and is contained in E 0 , whereas h 0 (E 0 , B + 2E) is only 3.
Picard number 1
We now give a complete analysis of Bott vanishing for K3 surfaces with Picard number 1. In view of Theorem 4.1, this requires an analysis of singular Fano 3-folds, which is not easy. In particular, the classification of such 3-folds is not known. Let (X, B) be a complex K3 surface X with Picard number 1. Then X satisfies Bott vanishing if and only if B 2 is equal to 20 or at least 24.
Proof. As shown in section 3, for a K3 surface (X, B) with Picard number 1, Bott vanishing is equivalent to the vanishing of H 1 (X, Ω 1 X ⊗ B). As discussed there, this vanishing fails if B 2 is less than 20 or equal to 22. Assume now that B 2 is equal to 20 or at least 24.
We need some information about the sheaf of Kähler differentials on a possibly singular variety.
Let Y be a complex Fano variety with klt singularities. Let X be a smooth subvariety of Y . Then
Proof. Since the cohomology of Kähler differentials on a singular variety is not well understood, we compare it with a variant of Hodge cohomology introduced by Huber and Jörder: the cohomology of the sheaf of differentials with respect to Voevodsky's h-topology, written H q h (Z, Ω p h ) [14] . Here Z is a separated scheme of finite type over a field k of characteristic zero. There is a natural map H q (Z, Ω p ) → H q h (Z, Ω p h ), which is an isomorphism for Z smooth over k [14, Corollary 6.5].
Let Y be a complex Fano variety with klt singularities, and let X be a smooth subvariety of Y . We have a sequence of maps
Therefore, the lemma follows if we can show that Pic(Y ) Let Y be a canonical Gorenstein Fano 3-fold with −K Y very ample. Let X be a smooth divisor in the linear system of −K Y . (Since we are assuming that such a divisor exists, Y must have isolated singularities, disjoint from X.) Let T Y = RHom(Ω 1 Y , O Y ) in the derived category of coherent sheaves on Y ; on the smooth locus of Y , this is the tangent bundle. Let T Y (− log X) in D(Y ) be the fiber of the composition T Y → T Y | X → N X/Y . (Thus, on the smooth locus of Y , the object T Y (− log X) is the bundle of tangent vectors tangent to X.) Then there is an exact triangle
This gives a long exact sequence of cohomology:
, O X ) can be viewed as the space of first-order deformations of the pair (Y, X), not necessarily locally trivial [27, Theorem 2.4.1(iv)].
By Serre duality,
In these terms, the map above from H 1 (X, T X) is dual to the pairing
using that X is a K3 surface. Thus the exact sequence above means that the deformations of X that come from deformations of the pair (Y, X) are those for which im(H 1 (Y, Ω 1 Y ) → H 1 (X, Ω 1 X )) remains of type (1, 1). By Lemma 7.2, it follows that the deformations of X that come from deformations of the pair (Y, X) are exactly those for which the line bundles in im(Pic(Y ) → Pic(X)) remain algebraic. (By the Lefschetz (1, 1) theorem, for an element of H 2 (X, Z), remaining algebraic under a deformation is equivalent to remaining of type (1, 1).)
Now let (X, B) be a complex K3 surface X with B 2 equal to 20 or at least 24, and suppose that X has Picard number 1. We want to show that H 1 (X, Ω 1 ⊗B) = 0. Suppose not. Then Theorem 4.1 gives that X is a smooth anticanonical divisor in some Fano 3-fold Y with at most isolated canonical Gorenstein singularities and with B = −K Y | X .
Consider the family of K3 surfaces arising as hyperplane sections of deformations of the Fano 3-fold Y ⊂ P g+1 . By the analysis above, this family contains an open neighborhood of [X] in the moduli space of all K3s with Picard lattice containing im(Pic(Y ) → Pic(X)). Since X has Picard number 1, this lattice has rank 1. So a open neighborhood of the point [X] in the 19-dimensional moduli space of all K3 surfaces (X ′ , B ′ ) of degree equal to B 2 arises as smooth hyperplane sections of Fano 3-folds Y ′ with isolated canonical Gorenstein singularities and with (−K Y ′ ) 3 = B 2 .
It follows that H 1 (X ′ , Ω 1 ⊗ B ′ ) = 0 for a nonempty open set of K3 surfaces (X ′ , B ′ ) of degree equal to B 2 , by Mukai's argument from section 3. However, we know by Theorem 3.2 that, since B 2 ≥ 20 and B 2 = 22, a general K3 surface (X ′ , B ′ ) of this degree has H 1 (X ′ , Ω 1 ⊗ B ′ ) = 0. This contradiction shows that in fact there is no K3 surface satisfying our assumptions with H 1 (X, Ω 1 ⊗ B) = 0. Theorem 7.1 is proved.
